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COMPACT PERIODS OF EISENSTEIN SERIES OF
ORTHOGONAL GROUPS OF RANK ONE
JOA˜O PEDRO BOAVIDA
Abstract. Fix a number field k with its adele ring A. Let G = O(n+ 3) be
an orthogonal group of k-rank 1 and H = O(n+ 2) a k-anisotropic subgroup.
We unwind the global period
(Eϕ, F )H =
∫
Hk\HA
Eϕ · F
of a spherical Eisenstein series Eϕ of G against a cuspform F of H into an
Euler product and evaluate the local factors at odd primes.
Introduction
Fix a number field k with its adele ring A. Equip kn+3 with a quadratic form
〈 , 〉 with matrix 1 ∗
−1

with respect to the orthogonal decomposition kn+3 = (k · e+)⊕ k
n+1⊕ (k · e−). Let
G = O(n+ 3) and its subgroups act always on the right.
In the same coordinates, write kn+2 = (k · e+)⊕ k
n+1 and let H = O(n+ 2) be
the fixer of e−. Let also ∆ be the discriminant of the restriction of 〈 , 〉 to k
n+2
and let χ be the corresponding quadratic character.
We consider only the case when kn+2 is anisotropic; in particular, G has k-rank
1 and H is k-anisotropic. With e = e+ + e−, let P be the rational parabolic
stabilizing the isotropic line k · e. Its unipotent radical NP is the fixer of e and
{e+, e−}
⊥ = kn+1. We choose the Levi component MP to be the stabilizer of kn+1
and Θ = O(n + 1) to be its subgroup fixing both e+ and e−. Therefore, M
P has
the form GL(1)×Θ.
We determine the period
(Eϕ, F )H =
∫
Hk\HA
Eϕ · F
along H of a spherical Eisenstein series Eϕ on G against a cuspform F of H .
Given a Hecke character ω : GL(1) → C×, extend it trivially to MP , and then,
by right NP –invariance, to ϕω : Pk\PA → C.
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Proposition. Let Eϕ = Eω,η be the Eisenstein series obtained from ϕω · η, where
ϕω is Θ-invariant and η is a cuspform on Θ. Then
(Eϕ, F )H =
∫
ΘA\HA
ϕω(h) · (η, h · F )Θ dh .
We shall see the inner period can be simplified further, essentially reducing the
original problem to the case where ϕω = ϕs is obtained from a Hecke character
with the same local parameter s everywhere:
Proposition. Let ϕ = ϕs ·η be as above and α = (n+1)s. Up to correction factors
at finitely many places, the period against the constant function is
(Eϕ, 1)H =
(η, 1)Θ · vol(Θ\ΘK
H) · ζk(α− n)
Lk(α− ⌊
n
2 ⌋, χ)
, if n is odd;
(Eϕ, 1)H =
(η, 1)Θ · vol(Θ\ΘK
H) · ζk(α− n)
ζk(2α− n)/Lk(α−
n
2 , χ)
, if n is even.
The set of bad primes consists of all archimedean primes and all factors of 2∆.
Clearly, this period is nonzero if and only if (η, 1)Θ 6= 0. Section 6 discusses
(Eϕ, F )H in the general case.
These findings fit into the Gross–Prasad conjecture on periods of SO(n + 1)–
automorphic forms over SO(n). In the case at hand, the conjecture [10–12] predicts
that a representation of O(n+2) occurs in a representation of O(n+3) if and only
if the corresponding tensor product L-function is nonzero on Re s = 12 . Ichino
and Ikeda [14] discuss further details and broader context is provided in papers by
Jacquet, Lapid, Offen, and/or Rogawski [17,25,26], and surveyed by Gross, Reeder
[13], and Jiang [20].
These same periods (called there global Shintani functions) were used by Murase
and Sugano [27] to obtain and study integral expressions for standard L-functions
of the orthogonal group.
In section 1, we unwind the period into an Euler product, obtaining
(Eϕ, F )H =
∫
Θk\HA
ϕ · F =
∫
ΘA\HA
ϕω(h)
∫
Θk\ΘA
η(θ) · F (θh) dθ dh .
For several sections, we focus on η = 1 and F = 1, in which case
(Eϕ, 1)H = vol(Θk\ΘA) ·
∏
v
∫
Θv\Hv
ϕω,v.
Because ϕ is spherical, the local integral is trivial at anisotropic places. At
isotropic places, the local evaluation entails a choice of local parametrization for
Θv\Hv, as well as a normalization of the measure. In section 2, we consider the
specifics at odd primes. Notably, at good primes it is possible to reduce the evalu-
ation to n = 1 or n = 2. We articulate the full details in the subsequent sections.
In section 5, we determine the correction factors at bad odd primes. In section 6,
we resume the general case and conclude that (Eϕ, F )H is obtained from (η, F )Θ
as well as the local integrals (obtained in the preceding sections) of ϕω against a
degenerate principal series of H . We show also, following Garrett [4], that the pe-
riods of a cuspform are nonzero only if, almost everywhere, the cuspform generates
locally the very same sort of degenerate principal series generated by the Eisenstein
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series we consider. Finally, in the appendix, we use the same methods to evaluate
(the local factors of) the constant term of Eϕ.
Throughout, we rely on O(n+1) ⊃ O(n) being a Gelfand pair, a fact conjectured
by J. Bernstein and established independently by Kato, Murase, and Sugano [23]
and Aizenbud, Gourevitch, and Sayag [2].
Acknowledgements. This paper is based on part of the author’s doctoral disser-
tation, done under the supervision of Paul Garrett. It is influenced by discussions
with and talks by him. The author wishes also to acknowledge the helpful advice
of a referee.
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1. Setup
Recall we fixed a number field k with adele ring A, and a quadratic form 〈 , 〉
with matrix 1 ∗
−1

with respect to the decomposition kn+3 = (k · e+) ⊕ k
n+2 ⊕ (k · e−). We set
e = e+ + e− and named the following groups of isometries:
G = O(n+ 3), the isometry group of
(
∗ ∗ ∗
)
;
H = O(n+ 2), the isometry group of
(
∗ ∗
)
;
Θ = O(n+ 1), the isometry group of
(
∗
)
;
P ⊂ G, the k-parabolic stabilizing k · e;
NP ⊂ P, its unipotent radical, fixing e and
(
∗
)
;
MP ⊂ P, the Levi component stabilizing
(
∗
)
.
The modular function of P is given by δP (p) = |t|
n+1 when e·p = e/t. In particular,
δsP (p) = |t|
α, with α = (n+ 1)s.
Recall MP has the form GL(1) × Θ. Given a Hecke character ω : k×\J → C×,
extend it trivially to MP , and then, by right NP –invariance, to ϕω : Pk\PA → C.
Given also a cuspform η : Θk\ΘA → C normalized by η(1) = 1 and spherical, define
ϕ : Pk\PA → C by ϕ(θg) = η(θ) · ϕω(g), where θ ∈ Θ and g ∈ GL(1) ·N
P .
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Let
Eϕ(g) = Eω,η(g) =
∑
γ∈Pk\Gk
ϕ(γg).
be the spherical Eisenstein series of G associated with ϕ, and let F be a cuspform
of H . We evaluate the period
(Eϕ, F )H =
∫
Hk\HA
Eϕ · F =
∫
Hk\HA
∑
γ∈Pk\Gk
ϕ(γh) · F (h) dh .
By Witt’s lemma, Pk\Gk is the space of isotropic lines in k
n+3 and Hk acts
transitively on that space (here we rely on the k–Witt index being 1, so that no
k–isotropic lines are orthogonal to e−). Because Θ = H ∩P = O(n+1) is the fixer
of e+ and e−,
(Eϕ, F )H =
∫
Hk\HA
∑
γ∈Θk\Hk
ϕ(γh) · F (h) dh =
∫
Θk\HA
ϕ · F .
As ϕ(θg) = η(θ) · ϕω(θg) and ϕω is left Θ–invariant,
(Eϕ, F )H =
∫
ΘA\HA
ϕω(h)
∫
Θk\ΘA
η(θ) · F (θh) dθ dh .
Because H ⊃ Θ is a Gelfand pair [2] and η is spherical, the inner integral can be
expressed as ∫
Θk\ΘA
η(θ) · F (θh) dθ = (η, F )Θ · f(h),
where f is a spherical vector of IndHΘ 1 normalized by f(1) = 1. Therefore,
(1) (Eϕ, F )H = (η, F )Θ ·
∫
ΘA\HA
ϕω · f.
From now on and until section 6, we restrict our attention to η = 1 and F = 1
(thus, also ϕ = ϕω and f = 1) and work locally. Therefore, we omit mention of the
place v whenever possible.
Anisotropic places. At anisotropic places, the local integral is vol(Θ\H). (Recall
we are dealing with spherical functions only.)
Isotropic places. Choose a hyperbolic pair x, x′ in kn+2 so that e+ ∈ k · {x, x
′}
and change coordinates so that the restricted quadratic form has matrix 1B
1

with respect to the orthogonal decomposition kn+2 = (k · x′)⊕ kn ⊕ (k · x). Recall
that H = O(n+ 2) and that Θ = O(n+ 1) is the subgroup of H fixing e+. We are
to evaluate ∫
Θ\H
ϕ.
Let Q ⊂ H be the parabolic stabilizing the line k·x; we claim that ΘQ is the open
orbit of Θ\H/Q. By Witt’s lemma, Θ\H can be identified with the homogeneous
space of vectors y with 〈y, y〉 = 1 and the orbit of e+ under the action of Q includes
all such y not orthogonal to x: the only non-trivial requirement is that 〈yq, xq〉 =
〈y, x〉, which can be achieved by choosing xq = µx and 〈y, x〉 = 〈yq, xq〉 = µ 〈yq, x〉.
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Therefore,
(2)
∫
Θ\H
function(h) dh =
∫
Θ\ΘQ
function(q) dq =
∫
(Θ∩Q)\Q
function(q) dq .
Here, Θ ∩Q = O(n) is the fixer of x and x′. Set
mλ =
λ id
1/λ
 and na =
 1 a − 12B(a)id ∗
1
 .
With M∗ =
{
mλ
}
, we have Θ ∩Q =
{(
1
∗
1
)}
, NQ =
{
na
}
, MQ = (Θ ∩Q) ·M∗,
and Q = MQ · NQ. The elements of (Θ ∩ Q)\Q can be expressed as na ·mλ and
δQ(mλ) = |λ|
n. Moreover,
d(na ·mλ) = da dλ
(with dλ multiplicative and da additive) is a right -invariant measure.
From this point onward, we must consider each place separately.
2. Odd primes
Fix (and suppress) an odd place v. Choose coordinates so that the maximal
compact open subgroup K of H consists of the orthogonal matrices with integral
entries. With Φ being the characteristic function of on+3 and ω a character of k×,
define, for this section only,
ϕ(g) =
∫
k×
ω(t) · Φ(te · g) dt and ϕ◦ =
ϕ
ϕ(1)
.
Note that this is a change in notation: what was denoted ϕω in the last section,
will be denoted ϕ◦ in this one. We address the case ω = | · |α.
We set notation for the next several sections. Recall that α = (n + 1)s. The
discriminant enters the picture as ε = χ(∆), where χ is the non-trivial character on
o
×/o×
2
and k˜ = k[x]/
〈
x2 −∆
〉
is the quadratic extension. At bad primes (those
dividing the discriminant), we set ε = 0. We write
Z(α) =
∫
k×∩o
|t|α dt =
1
1− q−α
and L(α, χ) =
1
1− εq−α
.
We write also
Zk˜/k(α) = Z(α) L(α, χ).
We set |t| = q−T and a = q−α throughout. We shall use∫
k×∩o
|t|α uT dt =
∫
k×∩o
(au)T dt =
∑
T≥0
(au)T =
1
1− au
= Z(α− logq u).
In this section, we express the local integral∫
Θ\H
ϕ◦
in terms of the functions X and Π that we are about to define. We prove also it
is sufficient to evaluate those functions (and the corresponding local integrals) for
small n.
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Definition. With z = q−β , we define
XBℓ (ρ) = meas
{
a ∈ on :
B(a) − ρ
2
= 0 mod ̟ℓ
}
;
XB(β; ρ) =
∑
ℓ≥0
zℓXBℓ (ρ); and
ΠB(α, β) =
∫
k×∩o
|t|α XB(β; t2) dt .
(When there is no risk of ambiguity, we suppress B or ρ, or use n instead of B.)
(3) Proposition. The local integral is obtained from∫
Θ\H
ϕ◦ =
vol(Θ\ΘK) ·Πn(α − β − n, β)
Z(α) ·Xn(0; 1)
with β = 0.
Proof. To account for the normalization implied in the integral (2), we consider
also the integral of Φ(e · h), which happens to be, at odd primes, the characteristic
function of Θ\ΘK. (Indeed, for h ∈ H , both or neither of e · h and e′ · h are in
o
n+3. The statement follows at once from the Cartan decomposition in G.)
That allows us to express the local integral (still without |λ|β) as
(4) vol(Θ\ΘK) ·
∫
Θ\H
ϕ◦∫
Θ\H chΘ\ΘK
=
vol(Θ\ΘK) ·
∫
(Θ∩Q)\Q
ϕ
ϕ(1) ·
∫
(Θ∩Q)\Q chΘ\ΘK
.
With a new parameter β = 0, the integral in the numerator of (4) is
(5)
∫
(Θ∩Q)\Q
ϕ · |λ|β =
∫
k×
∫
k×
∫
kn
|t|α |λ|β Φ(te · na ·mλ) da dλdt .
Recall that we chose coordinates so that e+ be a linear combination of x and x
′.
We specify further that e+ = x
′ + 12x. Noting that
e · na ·mλ = (e+ + e−) · na ·mλ = e+ · na ·mλ + e−,
we have (in kn+2)
e+ · na ·mλ =
(
1 0 12
)
· na ·mλ =
(
λ a 12λ
(
1−B(a)
))
and (in kn+3)
te · na ·mλ =
(
λt, at, 12λt
(
t2 −B(at)
)
, t
)
.
Therefore, continuing (5) and after a change of variables,∫
(Θ∩Q)\Q
ϕ · |λ|β =
∫
k×
∫
k×
∫
kn
|t|α−β−n |λ|β Φ
(
λ, a, 12λ
(
t2 −B(a)
)
, t
)
da dλdt
=
∫
k×∩o
|t|α−β−n
∫
k×∩o
|λ|β
∫
o
n
cho
( t2 −B(a)
2λ
)
da dλ dt .
Consider now the integral in the denominator of (4). We have∫
(Θ∩Q)\Q
chΘ\ΘK =
∫
k×
∫
kn
Φ(e · na ·mλ) dadλ
=
∫
k×
∫
kn
Φ
(
λ, a, 12λ
(
1−B(a)
)
, 1
)
da dλ = X(0; 1). 
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Dimension reduction. By taking hyperbolic planes away, we can simplify the
evaluation of (3) significantly. The argument is valid at even primes too.
We write vectors in kn
′
= kn+2 as a′ = (x, a, y) and the quadratic form as
B′(a′) = B(a) − 2xy, where a ∈ kn and B(a) is the restriction to kn. Note
that B′ and B have the same discriminant. Also, we abbreviate XB
′
ℓ (ρ) = X
′
ℓ(ρ),
XB
′
(β; ρ) = X ′(β; ρ), XBℓ (ρ) = Xℓ(ρ), and X
B(β; ρ) = X(β; ρ). In particular,
X ′ℓ = meas
{
(x, a, y) ∈ on+2 :
B(a)− ρ
2
− xy = 0 mod ̟ℓ
}
;
Xℓ = meas
{
a ∈ on :
B(a)− ρ
2
= 0 mod ̟ℓ
}
.
(6) Proposition. With z = q−β, we have
X ′(β; ρ) =
Z(β + 1)
Z(β + 2)
·X(β + 1; ρ).
Moreover, if there is a hyperbolic subspace with dimension 2k and n = m+ 2k,
Xm+2k(β; ρ) =
Z(β + 1)
Z(β + k + 1)
·Xm(β + k; ρ),
Πm+2k(α, β) =
Z(β + 1)
Z(β + k + 1)
·Πm(α, β + k),
and the local integral is
vol(Θ\ΘK) ·Πm(α− β − n, β + k)
Z(α) ·Xm(k; 1)
.
Proof. If ρ(2) = (B(a)− ρ)/2 mod ̟ℓ, then the set{
a ∈ on :
B(a)− ρ
2
− xy = 0 mod ̟ℓ
}
breaks into ⋃
N≥0
{
a ∈ on : ord ρ(2) = N ; ρ(2) − xy = 0 mod ̟ℓ
}
.
We shall prove in proposition (14) that, for an isotropic plane, X2ℓ (2ρ
(2)) depends
only on ord ρ(2) (we express it thus so that the argument be valid at even primes
too). That allows us to write
X ′ℓ(ρ) =
∑
N≥0
(
XN (ρ)−XN+1(ρ)
)
·X2ℓ (2̟
N)
and
X ′(β; ρ) =
∑
ℓ≥0
zℓX ′ℓ(ρ) =
∑
N≥0
(XN −XN+1) ·X
2(2̟N ).
Relying on proposition (14) (which, for the isotropic case and even primes is about
X2(2̟N )) and setting w = zq−1, we obtain
X ′(β; ρ) =
Z(β + 1)
Z(β + 2)
·X(β + 1; ρ). 
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Strategy overview. The main task left is to determine X(β; t2) and Π(α, β) for
anisotropic forms. It will prove convenient to use z = q−β and a = q−α consistently.
We will also use w = zq−1, as well as u = q−2β−m (with m being the dimension of
the anisotropic space under consideration), so that when β is set to the Witt index
(of kn) we obtain u = q−n.
According to propositions (3) and (6), if n = m+ 2k (where k denotes now the
Witt index) the local integral is
vol(Θ\ΘK) ·Πn(α − β − n, β)
Z(α) ·Xn(0; 1)
=
vol(Θ\ΘK) Z(β + 1) Z(k + 1) Πm(α− β − n, β + k)
Z(α) Z(β + k + 1) Z(1) Xm(k; 1)
.
In particular, for β = 0 (which is what we need for the period), we obtain
vol(Θ\ΘK) ·Πm(α− n, k)
Z(α) ·Xm(k; 1)
.
We shall find that Xm(β; t2) is a rational function of z (which we will often write
also with w or u), whose dependence on t2 is in fact a dependence on T = ord t
only. Moreover,
Πm(α, β) =
∫
k×∩o
|t|α Xm(β; t2) dt =
∑
T≥0
aTXm(β;̟2T ).
This will be a rational function R(z, w, u, a) of z (or w or u) and a, whose factors
all have the form 1± q∗ after z, w, u and a are substituted (and a occurs only with
non-negative exponents). At a = 0, we obtain the coefficient of T = 0. That is,
Xm(β; 1) = R(z, w, u, 0) consists of the factors of R that do not involve a.
In other words, if R∗(z, w, u, a) consists of the factors of R(z, w, u, a) that do
involve a, then
Πm(α, β)
Xm(β; 1)
= R∗(z, w, u, a).
That is, the local period is
(7) vol(Θ\ΘK) ·
R∗
(
q−k, q−k−1, q−n, q−(α−n)
)
Z(α)
.
(We will often suppress vol(Θ\ΘK) from this point onward.)
In the prototypical scenario, we might obtain an expression like
(8) X(β; t2) =
fn(z, w, u)
1− u
[
1−
u− v
1− v
uT
]
,
(where v might be w, εwq−1, −z, or a similar term). Then
Π(α, β) =
fn(z, w, u)
1− u
[
1
1− a
−
u− v
(1 − v)(1− au)
]
=
fn(z, w, u) (1− av)
(1− v)(1 − a)(1 − au)
.
In light of what we said above, the local period (7) would then be
(9)
1
Z(α)
·
1− av
(1− a)(1 − au)
=
Z(α− n) Z(α)
Z(α)
· (1 − av) =
Z(α− n)
1/(1− av)
.
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3. Good odd primes—n = 2k + 1
We consider first n = 1. The quadratic form on k1 can be expressed as ∆x2.
(10) Proposition. With z = q−β, w = zq−1, u = z2q−1, and ∆ a unit, we have
X1(β; t2) =
1 + w
1− u
[
1−
u− εw
1− εw
uT
]
.
Proof. We first evaluate
Xℓ(t
2) = meas
{
x ∈ o1 : ∆x2 = t2 mod ̟ℓ
}
.
If t2 = 0 mod ̟ℓ (i.e., if ℓ ≤ 2T ), we have
Xℓ = Xℓ(0) = meas
{
x ∈ o : x2 = 0 mod ̟ℓ
}
= q−⌈ℓ/2⌉
and
(11)
∑
0≤ℓ≤2T
zℓq−⌈ℓ/2⌉ = 1 +
∑
0<k≤T
(z−1 + 1)z2kq−k =
1 + w
1− u
−
w + u
1− u
uT .
On the other hand, if t2 6= 0 mod ̟ℓ (i.e., if ℓ > 2T ), we have two distinct
situations: either ∆x2 − t2 is isotropic (ε = 1) or it isn’t (ε = −1).
When ε = −1, the form ∆x2− t2 is anisotropic. In that case, we show in lemma
(12) below that ∆x2 − t2 = 0 mod ̟ℓ requires t2 = 0 mod ̟ℓ. Therefore, Xℓ = 0
for t2 6= 0 mod ̟ℓ.
When ε = 1, we have
∆x2 − t2 = 0 mod ̟ℓ =⇒ x2 = t2 mod ̟ℓ =⇒ |x| = |t| = q−T ,
leading to (x− t)(x + t) = 0 mod ̟ℓ and x = ±t mod ̟ℓ−T . That is,
Xℓ = meas
{
x ∈ o : x = ±t mod ̟ℓ−T
}
= 2q−ℓ+T
and∑
ℓ>2T
zℓXℓ =
∑
ℓ>2T
zℓ2q−ℓ+T =
2z2T+1q−T−1
1− zq−1
=
2zq−1(z2q−1)T
1− zq−1
=
(1 + ε)wuT
1− w
.
Taking this last expression as well as (11) into account, and combining the cases
ε = ±1, we obtain the result stated. 
(12) Lemma. If k is the local field at an odd prime and the form B(x) =
∑
aix
2
i
is anisotropic, then
|B(x)| = max
{∣∣aix2i ∣∣}.
Proof. If some coordinate had
∣∣aix2i ∣∣ > |B(x)|, then Hensel’s lemma would yield a
new vector x′ with ordxi = ordx
′
i and B(x
′) = 0. 
(13) Proposition. If ∆ is a unit and n = 2k + 1, the local period is
vol(Θ\ΘK) ·
Z(α− n)
L(α− k, χ)
= vol(Θ\ΘK) ·
Z
(
(n+ 1)(s− 1) + 1
)
L
(
(n+ 1)(s− 12 ) + 1, χ
) .
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Proof. Let z = q−β , w = zq−1, u = z2q−1 and a = q−α. In proposition (10), we
saw X1 fits the prototype (8) with v = εw. According to (9), the local period is
Z(α− n)
1/(1− εaw)
=
Z(α− n)
L(α− n+ k + 1, χ)
.
The result follows from α = (n+ 1)s. 
4. Good odd primes—n = 2k + 2
We consider n = 2 first.
Expressing the form in terms of x and y, we may assume B = x2−∆y2 and note
that XBℓ (ρ) depends only on ord ρ. Indeed, any unit can be expressed in the form
η = a2 −∆b2 (this is a consequence of Hensel’s lemma). But
(ax+∆by)2 −∆(bx+ ay)2 = (a2 −∆b2)(x2 −∆y2) = η (x2 −∆y2)
and the matrix
(
a ∆b
b a
)
is invertible in o2 if its determinant a2 −∆b2 is a unit.
(14) Proposition. With z = q−β, w = zq−1, u = z2q−2, and ∆ a unit, we have
X2(β; t2) =
(1− εwq−1)(1 − εwuT )
(1− w)(1 − εw)
.
Proof of proposition (14) in anisotropic case. This is the case ε = −1. We assumed
the form is x2 −∆y2. We evaluate
Xℓ(t
2) = meas
{
(x, y) ∈ o2 : x2 −∆y2 = t2 mod ̟ℓ
}
,
for |t| = q−T .
When t2 = 0 mod ̟ℓ (i.e., ℓ ≤ 2T ), the anisotropy lemma (12) leads to
Xℓ(t
2) = meas
{
(x, y) ∈ o2 : x2 = y2 = 0 mod ̟ℓ
}
=
(
q−⌈ℓ/2⌉
)2
= q−2⌈ℓ/2⌉.
We saw in (11) (using q−2, wq−1 = zq−2, and u = z2q−2 here in place of q−1,
w = zq−1, and u = z2q−1 there) that∑
0≤ℓ≤2T
zℓXℓ =
∑
0≤ℓ≤2T
zℓq−2⌈ℓ/2⌉ =
1 + wq−1
1− u
−
wq−1 + u
1− u
uT .
When t2 6= 0 mod ̟ℓ (i.e., ℓ > 2T ), again by anisotropy,
Xℓ(t
2) = meas
{
(x, y) ∈ o2 : x2 −∆y2 = t2 mod ̟ℓ
}
= |t|2 ·Xℓ−2T (1).
For each fixed ℓ,∑
unit η mod ̟ℓ
Xℓ(η) =
∑
unit η mod ̟ℓ
meas
{
(x, y) ∈ o2 : x2 −∆y2 = η mod ̟ℓ
}
= meas
{
(x, y) ∈ o2 : x2 −∆y2 = unit
}
= 1− q−2.
(We relied on anisotropy for the last step.) Because Xℓ(η) = Xℓ(1), we see that
Xℓ(1) =
1− q−2
#{units η mod ̟ℓ}
= (1 + q−1)q−ℓ
and also
Xℓ(t
2) = q−2T ·Xℓ−2T (1) = (1 + q
−1)q−ℓ.
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This leads to ∑
ℓ>2T
zℓXℓ =
∑
ℓ>2T
wℓ(1 + q−1) =
w + wq−1
1− w
uT .
Combining the two subsums (over ℓ ≤ 2T and over ℓ > 2T ) we obtain the stated
conclusion for the anisotropic case. 
Proof of proposition (14) in isotropic case. This is the case ε = 1. We can assume
the form is xy. We will evaluate
Xℓ(ρ) = meas
{
(x, y) ∈ o2 : xy = ρ mod ̟ℓ
}
.
We set N = ord ρ.
If ρ = 0 mod ̟ℓ (i.e., ℓ ≤ N), we have
Xℓ = meas
{
x = 0 mod ̟ℓ
}
+
∑
0≤k<ℓ
meas
{
ordx = k; y = 0 mod ̟ℓ−k
}
= q−ℓ +
∑
0≤k<ℓ
q−k(1− q−1)q−ℓ+k = q−ℓ + ℓq−ℓ(1− q−1)
and∑
0≤ℓ≤N
zℓXℓ =
∑
0≤ℓ≤N
(
wℓ + ℓwℓ(1− q−1)
)
=
1− wN+1
1− w
+ (1− q−1)
∑
0≤ℓ≤N
ℓwℓ.
We observe in passing that∑
0≤ℓ≤N
ℓwℓ = w
( ∑
0≤ℓ≤N
wℓ
)′
=
w + (Nw −N − 1)wN+1
(1− w)2
.
Therefore,
∑
0≤ℓ≤N
zℓXℓ =
1− wq−1
(1− w)2
−
[
1
1− w
+
N(1− q−1)
1− w
+
1− q−1
(1− w)2
]
wN+1.
If ρ 6= 0 mod ̟ℓ (i.e., ℓ > N), we have
Xℓ = meas
{
(x, y) ∈ o2 : xy = ρ mod ̟ℓ
}
=
∑
0≤k≤N
meas
{
ordx = k; y = ρ/x mod ̟ℓ−k
}
=
∑
0≤k≤N
q−k(1− q−1)q−ℓ+k = (N + 1)(1− q−1)q−ℓ
and ∑
ℓ>N
zℓXℓ = (N + 1)(1− q
−1)
∑
ℓ>N
wℓ =
(N + 1)(1− q−1)wN+1
1− w
.
After combining the two subsums (over ℓ ≤ N and over ℓ > N), the choice ρ = t2
and N = 2T completes the proof of the isotropic case. 
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(15) Proposition. If ∆ is a unit and n = 2k + 2, the local period is
vol(Θ\ΘK) ·
Z(α− n) L(α− k − 1, χ)
Z(2α− n)
= vol(Θ\ΘK) ·
Z
(
(n+ 1)(s− 1) + 1
)
L
(
(n+ 1)(s− 12 ) +
1
2 , χ
)
Z
(
(n+ 1)(2s− 1) + 1
) .
Proof. Let z = q−β , w = zq−1, u = z2q−2, and a = q−α. UsingX2 from proposition
(14), we obtain
Π2(α, β) =
1− εwq−1
(1 − w)(1 − εw)
[
1
1− a
−
εw
1− au
]
=
(1− εwq−1)(1 + εaw)
(1− w)(1 − a)(1 − au)
.
Therefore, the local period (7) is
1 + εaw
Z(α) · (1− a)(1 − au)
=
Z(α− n) L(α− n+ k + 1, χ)
Z(2α− 2n+ 2k + 2)
and the result follows from α = (n+ 1)s. 
5. Bad odd primes
We now consider the odd primes dividing the discriminant. We describe their
periods in terms of correction factors to those obtained in propositions (13) and (15).
In light of the discussion leading up to (7), we need only consider anisotropic forms.
We assume the form B is B0(x) +̟B1(y) for (x, y) ∈ o
n0 × on1 , with each B∗
integral, regular, diagonal, and anisotropic. We want to evaluate
XBℓ (t
2) = meas
{
x ∈ on0 , y ∈ on1 : B0(x) +̟B1(y) = t
2 mod ̟ℓ
}
.
If t2 = 0 mod ̟ℓ, the anisotropy lemma (12) tells us that
XBℓ (0) = meas
{
x ∈ on0 , y ∈ on1 : B0(x) = ̟B1(y) = 0 mod ̟
ℓ
}
= meas
{
x ∈ on0 : B0(x) ∈ ̟
ℓ
o
}
·meas
{
y ∈ on1 : B1(y) ∈ ̟
ℓ−1
o
}
= q−n0⌈ℓ/2⌉ · q−n1⌈(ℓ−1)/2⌉.
(16)
If t2 6= 0 mod ̟ℓ, the anisotropy lemma, Hensel’s lemma, and the fact that
XB0ℓ (t
2) depends only on T = ord t, tell us that
XBℓ (t
2) = meas
{
x ∈ on0 , y ∈ on1 : B0(x) +̟B1(y) = t
2 mod ̟ℓ
}
= meas
{
x ∈ on0 , y ∈ on1 : B0(x) = t
2 mod ̟ℓ; |B1(y)| ≤ |B0(x)|
}
= meas
{
x ∈ on0 : B0(x) = t
2 mod ̟ℓ
}
· q−n1T = XB0ℓ (t
2) · q−n1T .
(17)
(If n0 = 0, then the equation is ̟B1(y) = t
2 mod ̟ℓ, which has no solution unless
t2 = 0 mod ̟ℓ.)
This means we can reuse our previous results for X1ℓ and X
2
ℓ . Let ∆0 be the
discriminant of B0 and, from now on, χ the quadratic character associated with B0
and ε = χ(∆0).
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Proposition. If n0 = 0, n1 = ord∆ = 1, and n = 2k + 1, the correction factor is
Z(α− k − 1)
Z(2α− n− 1)
.
Proof. According to (16) and (17),
XBℓ (t
2) = q−⌈(ℓ−1)/2⌉, if t2 = 0 mod ̟ℓ,
XBℓ (t
2) = 0, if t2 6= 0 mod ̟ℓ.
With z = q−β , w = zq−1, and u = z2q−1, it follows that
XB(β; t2) =
∑
0≤ℓ≤2T
zℓq−⌈(ℓ−1)/2⌉ = z
∑
−1≤ℓ≤2T−1
zℓq−⌈ℓ/2⌉,
which, according to (11), simplifies to
XB(β; t2) = z
[
1 + w
1− u
−
w + u
1− u
uT + z−1 − uT
]
=
1 + z
1− u
−
z + u
1− u
uT =
1 + z
1− u
[
1−
u+ z
1 + z
uT
]
.
(18)
This fits the prototype (8) with v = −z. With a = q−α, the local period (9) is
Z(α− n)
1/(1 + az)
=
Z(α− n) (1− a2z2)
1− az
=
Z(α− n) Z(α− n+ k)
Z(2α− 2n+ 2k)
. 
Proposition. If n0 = 0, n1 = ord∆ = 2, and n = 2k + 2, the correction factor is
Z(2α− n) Z(α− k − 2)
Z(2α− n− 2)
.
Proof. According to (16) and (17),
XBℓ (t
2) = q−2⌈(ℓ−1)/2⌉, if t2 = 0 mod ̟ℓ,
XBℓ (t
2) = 0, if t2 6= 0 mod ̟ℓ.
With z = q−β and u = z2q−2, it follows that
XB(β; t2) =
∑
0≤ℓ≤2T
zℓq−2⌈(ℓ−1)/2⌉.
This is the same as in the previous proposition, but with q−2 instead of q−1 (so,
u = z2q−2 here corresponds to u = z2q−1 there). That is, the local period is
Z(α− n) Z(α− n+ k)
Z(2α− 2n+ 2k)
. 
Proposition. If n0 = n1 = ord∆ = 1 and n = 2k + 2, the correction factor is
Z(2α− n)
L(α− k − 1, χ)
,
where χ is the quadratic character associated to B0.
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Proof. According to (16), (17) and the proof of proposition (10),
XBℓ (t
2) = q−ℓ, if t2 = 0 mod ̟ℓ,
XBℓ (t
2) = X1ℓ (t
2) · q−T = (1 + ε)q−ℓ, if t2 6= 0 mod ̟ℓ.
With z = q−β , w = zq−1, and u = z2q−2 = w2, it follows that
XB(β; t2) =
∑
0≤ℓ≤2T
zℓq−ℓ + (1 + ε)
∑
ℓ>2T
zℓq−ℓ =
1
1− w
+
εw
1− w
uT .
With a = q−α, we then obtain
ΠB(α, β) =
1
1− w
[
1
1− a
+
εw
1− au
]
=
(1 + εw)(1 − εaw)
(1 − w)(1 − a)(1− au)
.
That is, the local period (7) is
1− εaw
Z(α) · (1− a)(1− au)
=
Z(α− n)
L(α− n+ k + 1, χ)
. 
Proposition. If n0 = 1, n1 = ord∆ = 2, and n = 2k + 3, the correction factor is
1
L(α− k − 2, χ)
,
where χ is the quadratic character associated to B0.
Proof. According to (16), (17) and the proof of proposition (10),
XBℓ (t
2) = q−ℓ−⌈(ℓ−1)/2⌉, if t2 = 0 mod ̟ℓ,
XBℓ (t
2) = X1ℓ (t
2) · q−2T = (1 + ε)q−ℓ−T , if t2 6= 0 mod ̟ℓ.
With z = q−β , w = zq−1, and u = z2q−3 = w2q−1, it follows that
XB(β; t2) =
∑
0≤ℓ≤2T
wℓq−⌈(ℓ−1)/2⌉ + (1 + ε)
∑
ℓ>2T
zℓq−ℓ−T
=
1 + w
1− u
−
w + u
1− u
uT +
(1 + ε)w
1− w
uT =
1 + w
1− u
[
1−
u− εw
1− εw
uT
]
.
(The first sum is the same as in (18), with w and u = w2q−1 here in place of z and
u = z2q−1 there.) This fits the prototype (8) with v = εw. With a = q−α, the local
period (9) is
Z(α− n)
1/(1− εaw)
=
Z(α− n)
L(α− n+ k + 1, χ)
. 
Proposition. If n0 = 2, n1 = ord∆ = 1, and n = 2k + 3, the correction factor is
1
Z(α− k − 2)
.
Proof. According to (16), (17) and the proof of proposition (14) (anisotropic case),
XBℓ (t
2) = q−ℓ−⌈ℓ/2⌉, if t2 = 0 mod ̟ℓ,
XBℓ (t
2) = X1ℓ (t
2) · q−T = (1 + q−1)q−ℓ−T , if t2 6= 0 mod ̟ℓ.
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With z = q−β , w = zq−1, and u = z2q−3 = w2q−1, we have∑
0≤ℓ≤2T
zℓXBℓ (t
2) =
∑
0≤ℓ≤2T
wℓq−⌈ℓ/2⌉ =
1 + wq−1
1− u
−
wq−1 + u
1− u
uT ,
according to (11) (with w, wq−1, and u = w2q−1 here in place of z, w = zq−1, and
u = z2q−1 there). We have also∑
ℓ>2T
zℓXBℓ (t
2) = (1 + q−1)q−T
∑
ℓ>2T
wℓ =
(1 + q−1)w
1− w
uT ,
leading to
XB(β; t2) =
1 + wq−1
1− u
−
wq−1 + u
1− u
uT +
w + wq−1
1− w
uT
=
1+ wq−1
1− u
[
1−
u− w
1− w
uT
]
.
This fits the prototype (8) with v = w. With a = q−α, the local period (9) is
Z(α− n)
1/(1− aw)
=
Z(α− n)
Z(α− n+ k + 1)
. 
Proposition. If n0 = n1 = ord∆ = 2 and n = 2k + 4, the correction factor is
Z(2α− n)
Z(α− k − 3)
.
Proof. According to (16), (17) and the proof of proposition (14) (anisotropic case),
XBℓ (t
2) = q−2ℓ, if t2 = 0 mod ̟ℓ,
XBℓ (t
2) = X1ℓ (t
2) · q−2T = (1 + q−1)q−ℓ−2T , if t2 6= 0 mod ̟ℓ.
With z = q−β , w = zq−1, and u = z2q−4 = w2q−2, we have
XB(β; t2) =
∑
0≤ℓ≤2T
zℓq−2ℓ + (1 + q−1)
∑
ℓ>2T
zℓq−ℓ−2T
=
1− wq−1uT
1− wq−1
+
w + wq−1
1− w
uT =
1
1− wq−1
[
1−
u− w
1− w
uT
]
.
This fits the prototype (8) with v = w. With a = q−α, the local period (9) is
Z(α− n)
1/(1− aw)
=
Z(α− n)
Z(α− n+ k + 1)
. 
6. The general case
We resume the discussion and the notation from section 1. We saw that
(1) (Eϕ, F )H = (η, F )Θ ·
∫
ΘA\HA
ϕω · f,
where f is a spherical vector in IndHΘ 1 normalized by f(1) = 1. We want to express
this global integral as a product of local integrals.
If F generates an irreducible representation, so does f generate an irreducible
representation π = ⊗vπv. If the period is nonzero, then each πv is a quotient of a
degenerate unramified principal series with respect to the Levi componentMQ and
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with character mλ 7→ |λ|
βv . Let fv be a generator of πv normalized by fv(1) = 1.
The intertwining between models of π takes f to a multiple of ⊗vfv, so∫
ΘA\HA
ϕω · f = Cf ·
∏
v
∫
Θv\Hv
ϕω,v · fv
for some constant Cf .
We now work locally and suppress v. Let ψβ be the principal series; in particular,
ψβ(mλ) = |λ|
β . The function f generates a model of π consisting of left Θ– and
right K–invariant functions. The restriction ResHQ π may be modelled by the very
same functions. Thus, it is irreducible too and isomorphic to the principal series
representation. But we may model both of them with left Θ ∩ Q– and right K–
invariant functions and f(1) = ψβ(1); therefore, ψβ is the restriction of f to Q.
(19) Proposition. The local integral at odd primes is given by∫
Θ\H
ϕω · f =
vol(Θ\ΘK) ·Πn(α− β − n, β)
Z(α) ·Xn(0; 1)
.
Proof. This is the same computation we did in the proof of proposition (3); by the
exact same reasoning and with the same notation as there, the local integral is
vol(Θ\ΘK)
Z(α) ·Xn(0; 1)
∫
(Θ∩Q)\Q
ϕω · f =
vol(Θ\ΘK)
Z(α) ·Xn(0; 1)
∫
(Θ∩Q)\Q
ϕω · |λ|
β .
But that last integral is the very same one computed from (5) onward. 
Appendix A. The constant term
The functional equation of an Eisenstein series is inherited by its periods. As
the equation involves the constant term, we describe briefly how that term may be
obtained using the methods we have used so far.
With vol(Nk\NA) = 1, the constant term of Es is
cEs(m) = ϕ
◦(m) +
∫
NA
ϕ◦(ξnm) dn = |λ|α +
∫
NA
ϕ◦(ξnm) dn,
where ξ is the long Weyl element in P\G/P . The second summand factors over
primes.
At a place v (suppressed from this point onward), express the form on kn+3 =
(k · e′)⊕ kn+1 ⊕ (k · e) by  1B
1

and write
n =
 1 a − 12B(a)id ∗
1
 and m =
λ θ
1/λ
 ,
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with θ ∈ Θ = O(B). We have∫
N
ϕ(ξnm) dn =
∫
N
∫
k×
|t|α Φ(te · ξnm) dt dn =
∫
N
∫
k×
|t|α Φ(te′ · nm) dt dn
=
∫
N
∫
k×
|t|α Φ(te′ ·mn) dt · δP (m) dn
=
∫
N
∫
k×
|t|α |λ|n+1 Φ(λte′ · n) dt dn .
At this point, we disregard the normalization of the integral, and proceed.∫
N
ϕ(ξnm) dn = |λ|(n+1)−α ·
∫
k×
|t|α
∫
N
Φ(te′ · n) dn dt
= |λ|(n+1)−α ·
∫
k×
|t|α
∫
kn+1
Φ
(
t, at,− 12tB(at)
)
da dt
= |λ|(n+1)−α
∫
k×
|t|α−(n+1)
∫
kn+1
Φ
(
t, a,− 12tB(a)
)
da dt .
Using the same notation we used before∫
N
ϕ(ξnm) dn = |λ|(n+1)(1−s) ·Xn+1
(
α− (n+ 1); 0
)
.
Therefore, recalling α = (n+ 1)s,∫
N
ϕ◦(ξnm) dn = |λ|(n+1)(1−s) ·
Xn+1(−(n+ 1)(1− s); 0)
Z
(
(n+ 1)s
) .
With the conventions of the strategy overview at the end of section 2,
X(β; 0) = lim
a→1
(
(1− a)
∑
T≥0
aTX(β;̟2T )
)
= −Resa=1R(z, w, u, a).
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